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Objective

▪The goal of this project is to design a two inline-wheel bike simulation 
capable of balancing itself using a reaction wheel. 
▪The simulation for this presentation is of an inverted pendulum which 
uses a control system to keep itself upright. 
▪The system is able to take into account external variations and using 
its  feedback can change its state accordingly, i.e. in order to maintain 
the balance, the robot reads sensor input to detect tilt angle and 
correctly reacts to maintain gyroscope for steady vertical position.





Overview

▪The first step in this project is to analyse the system and figure out the 
factors that affect the system. Once we identify the variables, we can 
create a mathematical model for the system.
▪The next step is to linearly transform the system to eigenvalue 
coordinates by using diagonalization. 
▪By studying the effect of the eigenvalues on the stability of the system, 
we can design a controller for the same.



The Inverted Pendulum Reaction Wheel System







Effect of 
Eigenvalues

Negative Real Part corresponding to damping of 
system which results in Stability
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Modelling a Physical System

…….. (Lagrangian Operator)

…….. (Lagrangian Equation for Dynamic Model)



State Space Equation
The equation is a nonlinear mathematical model expression of the inverted pendulum system with a 
reaction wheel. In order to simplify analysis we linearize the equation about the unstable equilibrium  
when is ϴ very small, according to Jacobian linearization, we obtain:

The above equation is of the form                                            

where, A – State Matrix B – Input Matrix 

          





LQR Controller

 



Pole Placement

▪ One method to ensure that the system is stable is to select the gain matrix K in 
such a way so that the eigenvalues of the (A-BK) matrix are purely real and 
negative.
▪We can select the desired eigenvalues for the system and calculate the K matrix 

such that (A-BK) has our desired eigenvalues.

A-BK    =                          -                         * 

A-BK =     



• Now,

A-BK-ƛI = 

• Here values of ƛ are the eigen values.
• Now, we put det(A-BK-ƛI) = 0 and form a equation. 
• Select arbitrary values of ƛ as roots of the equation. 
• Substitute the values of ƛ in the equation obtained and find the values of K1, K2, K3, 

K4 to form the K matrix.
• Note that while selecting values of ƛ, it’s real part must be negative for it to be stable 

and positive for it to be unstable.
• The K matrix for our system turns out be:



LQR
▪ Linear Quadratic Regulator(LQR) helps us optimize the K matrix according to our 

desired response.
▪ Here we use a cost function,

▪ Where, Q and R are positive semi-definite diagonal matrices and x and u are the state 
vector and input vector respectively.
▪ The controller is of the form u = -Kx which is a Linear controller and the underlying 

cost function is Quadratic in nature and hence the name Linear Quadratic Regulator.



▪ Each Qi are the weights for the respective states xi.
▪ The trick is to choose weights Qi for each state xi so that the desired performance 

criteria is achieved. Greater the state objective is, greater will be the value of Q 
corresponding to the said state variable.
▪ LQR minimizes this cost function J based on the chosen matrices Q and R.

LQR



Thank You!

                                 The End


